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Move the points Sund P,
such that the graph fits with

flz)=—3-(z+1)" —2

Check



Wrong, too bad!

The green graph would be correct

Try to find answers to the following questions:

1. Where in the expression
can you see the coordinates of the vertex?

2. Where in the expression
can you see a value for the opening
of the parabola?
Do you have an idea already?
Then try the task again

Or wait 30 seconds
after which a full solution will appear:

Musterldsung

Move the points S und P, ¥
such that the graph fits with
2
fl2)=-3-(z+1) -2 3
z
4 ]
4 -4 -3 -2 -1 0 T2 4
2 -1
S
1
-4 -3 -2 -1 40 1 2 3 4 1 -3
-1 3
S a(x) =3 (x-1)?; P
-2
Why?
i You can find out yourself
-4 Carrect your blue graph
P and watch how the expression changes
Check

Lutz, T. (2019): GeoGebra and STACK o www.tim-lutz.de/geogebrastack-helpertool o mathebruecke.pinkernell.online



STACK GeoGebra

« randomised questions * multimodal, dynamic,
and interactive information
e differentiated feedback

based on e pad for creating (defining, sketching,...)
automatic answer analysis mathematical objects

* highly adaptable * highly accessible
(for experienced in coding) (for noncoders)

« large academic community * large school community

Pinkernell, G., Diego Mantecén, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra
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STACK

Pinkernell, G.,

randomised questions

differentiated feedback
based on
automatic answer analysis

highly adaptable
(for experienced in coding)

large academic community

GeoGebra

multimodal, dynamic,
and interactive information

pad for creating (defining, sketching,...)
mathematical objects

highly accessible
(for noncoders)

large school community

Diego Mantecén, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra



overview

1. introductory review

2. AuthOMath
* partners and places
* objectives

3. didactic concept

The creation of these resources has been (partially) funded by the ERASMUS+ grant program

www.authomath.o rg of the European Union under grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
H H European Commission nor the project's national funding agency DAAD are responsible for the

matheb rue(:ke' p in kernel I .on I ine content or liable for any losses or damage resulting of the use of these resources.
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AuthOMath (2022-2024)

Authoring Online Material with
Multimodal, Dynamic

and Interactive Applets

and Automated Feedback

for Learning Math
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overview

University of Education Heidelberg : Guido Pinkernell
University of Cantabria Santander : Jose Manuel Diego Mantecon
2 AuthOMath University of Edinburgh : Chris Sangwin
Johann-Kepler-Universitat Linz : Zsolt Lavica
* partners and places Geogebra GmbH (associated)
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2. AuthOMath

AuTo

* a moodle based authoring tool
for randomized interactive and dynamic
multimodal mathematical tasks
with automatic adaptive feedback

1 www.authomath.org
mathebruecke.pinkernell.online

DiCo

a didactical concept

for designing online based
interactive learning material
for use in mathematics teacher
education

The creation of these resources has been (partially) funded by the ERASMUS+ grant program
of the Europe i (J r grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
European Comm tl e pIC | ct's national fundin, ;, é» yDAAD espor bl f r the
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2. AuthOMath

AuTo

* a moodle based authoring tool
for randomized interactive and dynamic
multimodal mathematical tasks
with automatic adaptive feedback

which basically means to

extend STACK to facilitate
the implementation of
GeoGebra applets into
task and feedback

The creation of these resources has been (partially) funded by the ERASMUS+ grant program

1 WWW.authomath.org of the Europe d r grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
: : European C Fthe project’ national fundin DAAD a bl f : the
mathebruecke.pinkernell.online wopean tomm rine projec 3 losses o damagts resulting of the use of these resources



nl:rand([2,3,4,5]);
n2:rand_with_prohib(2,5,[nl]);
zl:rand(nl-1)+1;
z2:rand(n2-1)+1;

This visualization shows
how two fractions are added.

Translate into maths:

+ + USs x ¥|E £ 2B @8 {1

1 <br>This visualization shows<br>how two fractions are added.<br><br>Tr

2

3 <table style="border-collapse: collapse; width: 400px;" border="0">
= + =D+G 4 <tbody>

5 <EE>

6 <td style="width: 180px; vertical-align: bottom; border-st

-
= =E 8 [[geogebra set="nl,n2,z1,z2,x1,yl,x2,y2"]]

9 params["material_id"] = "yqghjpr2c";

10 params["width"] = 450;

11 params["height"] = 550;

12 params["borderColor"] = "rgba(o, 0, 0, 0)";

13 params["transparentGraphics"]= true;

14 params["scale"] = 0.5;

15 [[/geogebral]

16

17 </td>




nl:
n2:
zl:
Zz2:;

rand([2,3,4,5]);
rand_with_prohib(2,5,[n1]);
rand(nl-1)+1;

rand(n2-1)+1;

names of variables in applet, with

set: transmit values from STACK to applet
watch: read values from applet into STACK on “Check”
remember: remember values for reloading applet

applet ID on geogebra.org

<tbody>

<tr>

GeoGebra App Parameters

https://wiki.geogebra.org/en/Reference:GeoGebra_App_Parameters

7TI§éUgebra\§ggf"nl,n2,zl,22,xl,yl,x2,y2”]]

</td>

params["material:qaﬁj\f‘“thjpr2c";
params["width"] = 450;
params["height"] = 550;
params["borderColor"] = "rgba(o, 0, 0, 0)";
params["transparentGraphics"]= true;
params["scale"] = 0.5;

[[/geogebra]]



nl:
n2:
zl:
z2:

rand([2,3,4,5]);
rand_with_prohib(2,5,[n1]);
rand(nl-1)+1;

rand(n2-1)+1;

names of variables in applet, with

set: transmit values from STACK to applet
watch: read values from applet into STACK on “Check”
remember: remember values for reloading applet

for more deta“S Llapse: collapse; width: 400px;" border="0">

see Tim's Work
applet here on this Hn
Ta\hnn STACK mee ‘ g laterial]ﬁ"ﬁ””ﬁ"*—"thjprzc";

GeoGebra App Parameters

https://wiki.geogebra.org/en/Reference:GeoGebra_App_Parameters

orkshop

HP

<>

shows<br>how two fractions are added.<br><br>Tr

idth: 180px; vertical-align: bottom; border-st
-a_set="nl,n2,z1,z2,x1,yl,x2,y2"]]

ddth"] = 450;
_ ..eight"] = 550;
~_— params["borderColor"] = "rgba(o, 0, 0, 0)";
7 params["transparentGraphics"]= true;
params["scale"] = 0.5;
[[/geogebra]]

</td>
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2

3. didactic concept : work in prc

takes up the
specific affordances of
GeoGebra and STACK

to initiate didactic reflection
on the digitalisation of
mathematical tasks

In teacher education

www.authomath.org
mathebruecke.pinkernell.online

“You want to use
GeoGebrg and STACK
. for Creating
multimoda] and interactiye
. math taskg
with adaptive feedback

thar What is it
at you need to think
about
before you do the programmliln
(if this js you...)” ¥

The creation of these resources has been (partially) funded by the ERASMUS+ grant program
of the European Union under grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
European Commission nor the project's national funding agency DAAD are responsible for the

content or liable for any losses or damage resulting of the use of these resources.




focussing variance in mathematical thinking

e ...In question design, - didactic a priori analysis
enabled by randomisation of the potential range of...

« ...of feedback structure, - solving strategies
enabled by adaptive for word problems

answer anaIyS|s — examp|e spaces

for tasks asking for giving
examples of math concepts

— misconceptions and errors
for basic math tasks

Rios-San-Nicolas, A., Diego-Mantecon, J. M., Ortiz-Laso, Z., & Pinkernell, G. (2022). The use of STACK for developing problemposing and -solving
skills of future mathematics teachers.



focussing variance in mathematical thinking

- didactic a priori analysis
of the potential range of...

. — lvin r I
Smisation | itiates SO g strategies

rna;gd 0 reflect on for word problems
. mathematical _coherence - example spaces
of randomization for tasks asking for giving
. contextual coherence examples of math concepts

of randomization,

— misconceptions and errors
for basic math tasks

Rios-San-Nicolas, A., Diego-Mantecon, J. M., Ortiz-Laso, Z., & Pinkernell, G. (2022). The use of STACK for developing problemposing and -solving
skills of future mathematics teachers.



focussing variance in mathematical thinking

- didactic a priori analysis
of the potential range of...

- solving strategies

answer ang|
for word problems

S ysis for fegq
Initiates need to reflect ogack

© Iange of possip -
Strategies ® solution

. hierarchy of strategiesS

- example spaces
for tasks asking for giving
examples of math concepts

— misconceptions and errors
for basic math tasks

Rios-San-Nicolas, A., Diego-Mantecon, J. M., Ortiz-Laso, Z., & Pinkernell, G. (2022). The use of STACK for developing problemposing and -solving
skills of future mathematics teachers.



focussing variance in mathematical thinking

- didactic a priori analysis
of the potential range of...

- solving strategies
for word problems

- example spaces
for tasks asking for giving
examples of math concepts

— misconceptions and errors
for basic math tasks

Kinnear, G. & Foster, C. (2001): How can e-assessments be designed to expand and enrich students’ example spaces? o Watson, A., & Mason, J.
(2005). Mathematics as a Constructive Activity



focussi ' |
Ing variance in mathematical thinking

Tidy STACK

Give an example of a set of vectors that span 3

100101 010011 | (1,0,01,0:1,01% 0,1]]

« Correct answer, well done.

This set spans R?
ard basis yectors. S

of vectors that span =

| 12,0, ,0,2,0] ,10,0,2]]

3 that does not contain the stand

Give another example of a set

\[[2.0,01,[0,2,0],[0,0,2]]
for giving

h concepts

« Correct answer, well done.

d errors
S

This set spans R
Give an example of 2 set of more than 3 vectors that span =3 .1ino such example exists enter none.

Kinnear, G. & F
, G. & Foster, C. (2 -
(2005). ter, C. (2001): How
). Mathematics as a Constructi can e-assessments be des!

ive Activity gned to expand and enrich stud

udents’ example s
paces? o Watson, A
, A., & Mason, J



focussing activity and flexibility in mathematical thinking

Yerushalmy (2005): Functions of Interactive Visual Representations o Duval (1999): Representation, Vision and Visualization o
Pinkernell, G., Diego Mantecoén, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra



focussing activity and flexibility in mathematical thinking

* ...In question and - didactic a priori analysis
feedback design of media use for fostering
enabled by mathematical understanding
interactive applets - representational flexibility for

accessing a mathematical concept,
which is abstract by nature

— interactivity for a
manipulative access
to the mathematical concept

- dynamic representation for
accessing a mathematical concept
as a class of examples

Yerushalmy (2005): Functions of Interactive Visual Representations o Duval (1999): Representation, Vision and Visualization o
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focussing activity and flexibility in mathematical thinking

= didactic a priori analysis
of media use for fostering
mathematical understanding

- representational flexibility for
accessing a mathematical concept,
which is abstract by nature

— interactivity for a
manipulative access
to the mathematical concept

- dynamic representation for
accessing a mathematical concept
as a class of examples

Yerushalmy (2005): Functions of Interactive Visual Representations o Duval (1999): Representation, Vision and Visualization o
Pinkernell, G., Diego Mantecoén, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra



focussing activity and flexibility in mathematical thinking

= didactic a priori analysis

D - of media use for fostering
) 4 mathematical understanding
M - representational flexibility for
‘ accessing a mathematical concept,
g : which is abstract by nature
A O ® . - interactivity for a
manipulative access
This is not a square. to the mathematical concept
Move points _ ]
to explore the range of appearances, - dynamic representation for
and then decide on what this quadrangle really is. accessing a mathematical concept

as a class of examples

Yerushalmy (2005): Functions of Interactive Visual Representations o Duval (1999): Representation, Vision and Visualization o
Pinkernell, G., Diego Mantecoén, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra
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DiCo : organisational frame




DiCo : organisational frame

1. how to address the
object of learning

2. how to address the
subjects of learning

3. how to use the
available media

Pinkernell, G., Diego Mantec6n, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra o
https://www.authomath.org/?page_id=100



DiCo : organisational frame

1. how to address the mathematical definitions

object of learning « explanatory models which are both
didactically and mathematically sound
2. how to address the (“Grundvorstellungen”)

subjects of learning _
* range of desirable examples

3. how to use the or solving strategies
available media .

Pinkernell, G., Diego Mantecon, J. M., Lavicza, Z., Sangwin, C. (2023): AuthOMath: Combining the strengths of STACK and GeoGebra o
https://www.authomath.org/?page_id=100



DiCo : organisational frame

Conceptualising knowledge of mathematical concepts or procedures
for diagnostic and supporting measures at university entry level

Guido Pinkernell, Heidelberg, Germany

1. hOW tO add ress the knowledge at characteristics
= = universityglevel The WiGORA framework and use
object of learning
* math. content Declarative Knowledge ability to recall rules, * math. content
0”‘3”td"=}“°_" definitions and characteristic properties gr'erfltlatC‘jO"
* fransdiscl- . etaille
2- hOW to addreSS the plinary models Explanatory Models ability to recall explanatory models mathematical
su bJeCtS Of Iearn | ng (Bloom, that make sense of a mathematical concept educational view
Anderson, on math.
Krathwoh! Operational Flexibility ability to apply, adapt and modify knowledge
2001) mathematical procedures for situational needs « model of
3 ' hOW to use the ’ Lr:;s;;:tzﬁglural- Representational Flexibility ability to switch within and ::;‘;rigf&gm on
i i : between representational forms o
ava“able med|a dichotomy (Star at transition level
goslteg:r)hamdes Knowledge Application ability to identify a concept

or procedure as suitable for a given problem

Pinkernell (2019): Conceptualising knowledge of mathematical concepts or procedures



DiCo : organisational frame

« forms of understanding

1. how to address the (range of strategies, example space, ...)
object of learning * typical misconceptions and errors
2. how to address the « suitable feedback, e.g.

subjects of learnin
j g - Informing the learner about

3. how to use the how to work out the answer
available media along a given procedure
also: - activating the learner to work out

«qctivating the learnet _ :
adtlﬁav% her/him the baS|_s of understanding
Jctually working v,v,lth by her/himself

the feedback...
(cp- discussion of

Juma, Jones et al. yesterday) |
| et al. (2020): Automated feedback at task level o Prediger (2007): Konzeptwechsel in der Bruchrechnung

Pinkernell (2021): Aspects o1




DiCo : organisational frame

the actual content,

1. how to address the structure and design
object of learning of
2. how to address the * ftextual
subjects of learning information
3. how to use the ) ﬁq'%%'gtion
available media
In question

and feedback

Pinkernell (2021): Aspects of Feedback Design o Prediger (2007): Konzeptwechsel in der Bruchrechnung




DiCo : organisational frame

This visualization shows
how two fractions are added.

Translate into maths:

-+

the actual content,
structure and design
of

e textual
information

* pictorial
information

In question
and feedback

Too bad, not fully correct.

Why is that?

Maybe this translation of the second line

gives you an idea?

-+

Do you know what to do now?

Then reload another question

and try again.

oo

Or wait for 15 seconds for a full solution:

‘ Click here for a full solution.

That's how to do it:

+

ooy



Too bad, not fully correct.

DiCo : organisational frame

Maybe this translation of the second line
gives you an idea?

= o5 ok
the actual content,
StrUCtU re and dESIgn Do you know what to do ncl>w?
Then reload another question
Of and try again.
Or wait for 15 seconds for a full solution:
b textu al ‘ Click here for a full solution.
|nf0rm atlon That's how to do it:
. plctorlal_ + :
iInformation
In question = +

and feedback

ooy

Pinkernell (2021): Aspects of Feedback Design o Narciss (2008): Feedback Strategies for Interactive Learning Tasks



Too bad, not fully correct.

DiCo : organisational frame

Maybe this translation of the second line
gives you an idea?

-+

oo
+
oo

worked

ow what to do now?

hd another question
Rin.

15 seconds for a full solution:

for a full solution.

Correct would be...
(KCR)

Pinkernell (2 “cupack Design o Narciss (2008): Feedback Strategies for Interactive Learning Tasks



DiCo : organisatione

worked
solution

Sorry, wrong
(KR)

Correct would be...
(KCR)

appears
without delay This is
how to do it
correctly:

(KH)

Try again?
Click here:

error

appears| vy
without OU probably .
delay| made this error: The first correct
or Step would pe
(KM)
(KTC)

Try again?
Click here,
Or wait 30 secon

for a ful| =

Pinkernell (2021): Aspects of Feedback Design o Narciss (2008): Feedback Strategies for Interactive Learning Tasks




DiCo

activating
- . feedback
. organisatio

Sorry, Wrong

error

information
; ourself
Sorry, wrong F[nd outy i ht:
(KR) how to do it nght.
appears| You probably The first correct ap p ears
without delay| made this error: or step would be Wlthour de,ay Wlth the
(KM) (KTC) tr ar this Correct
. activity solution
Try again?
Click here,
or wait 30 seconds : ~
for afurI]lAsqlution: Have an ldea 2 . ]
This is ; |
h doi . r t lng aga- '
it 2 ey Click here for try
(KH)

or wait 30 seconds

for a full solution:
and feedbad

Thisis
how to do It
appears correctly:
with 30" delay

Pinkernell (2021): Aspects of Feedback Design o

(KH)

earning Tasks
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summary

1. introductory review

2. AuthOMath
* partners and places
* objectives

3. didactic concept

www.authomath.org
mathebruecke.pinkernell.online

ad 1.: “merging” means that
by extending STACK code to facilitate implementation of
GeoGebra applets in STACK questions,
the specific strengths of both can come together in one
authoring platform

ad 2.: two objectives, which are technical (code)
and didactic (didactic concept)

ad 3.: the didactic concept takes up
the specific affordances of STACK and GeoGebra for initiating
didactic reflection in teacher education,

hence focussing students’ didactic reflection on

the variance in forms of
conceptualisations of mathematical concepts
or strategies of solving given problems,

activity and flexibility for
building a better understanding
of math concepts

The creation of these resources has been (partially) funded by the ERASMUS+ grant program
of the European Union under grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
European Commission nor the project's national funding agency DAAD are responsible for the
content or liable for any losses or damage resulting of the use of these resources.




summary

1. introductory review

2. AuthOMath

Thank you
for your
kind attention’

4 www.authomath.org
mathebruecke.pinkernell.online

ad 1.: “merging” means that
by extending STACK code to facilitate implementation of
GeoGebra applets in STACK questions,
the specific strengths of both can come together in one
authoring platform

ad 2.: two objectives, which are technical (code)
and didactic (didactic concept)

ad 3.: the didactic concept takes up
the specific affordances of STACK and GeoGebra for initiating
didactic reflection in teacher education,

hence focussing students’ didactic reflection on

the variance in forms of
understanding math concepts
or strategies of solving given problems,

activity and flexibility for
building a better understanding
of math concepts

The creation of these resources has been (partially) funded by the ERASMUS+ grant program
of the European Union under grant No. 2021-1-DE01-KA220-HED-000032031. Neither the
European Commission nor the project's national funding agency DAAD are responsible for the
content or liable for any losses or damage resulting of the use of these resources.




